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Abstract
Human adults are thought to possess two dissociable systems to represent numbers: an
approximate quantity system akin to a mental number line, and a verbal system capable of
representing numbers exactly. Here, we study the interface between these two systems using
an estimation task. Observers were asked to estimate the approximate numerosity of dot
arrays. We show that, in the absence of calibration, estimates are largely inaccurate: responses
increase monotonically with numerosity, but underestimate the actual numerosity. However,
insertion of a few inducer trials, in which participants are explicitly (and sometimes misleadingly) told that a given display contains 30 dots, is suﬃcient to calibrate their estimates on the
whole range of stimuli. Based on these empirical results, we develop a model of the mapping
between the numerical symbols and the representations of numerosity on the number line.
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1. Introduction
Even in the absence of symbols and language, infants and animals are able to perceive the number of items in a set and engage in simple calculations (Brannon & Terrace, 2000; Flombaum et al., 2005; Hauser, Tsao, Garcia, & Spelke, 2003; McCrink
& Wynn, 2004; Wynn, 1992; Xu & Spelke, 2000). It is thought that they use a nonverbal system (number sense) which represents numbers analogically and approximately (Dantzig, 1967; Dehaene, 1997). Human adults exhibit the same behavioral
characteristics as infants and animals when confronted with non-symbolic stimuli
(Barth, Kanwisher, & Spelke, 2003; Barth et al., 2006; Cordes, Gelman, & Gallistel,
2001; Whalen, Gallistel, & Gelman, 1999). For example, when adults, infants or animals have to discriminate numerosities, their performance improves when the distance between the numerosities to be discriminated increases, and more precisely
follows the Weber’s law: namely, the extent to which two stimuli can be discriminated is determined by their ratio (Cantlon & Brannon, 2006; Piazza, Izard, Pinel,
Le Bihan, & Dehaene, 2004; Pica, Lemer, Izard, & Dehaene, 2004). Adults may still
rely on their number sense to solve certain tasks involving symbolic stimuli (Dehaene
& Marques, 2002; Gallistel & Gelman, 2005; Moyer & Landauer, 1967; Spelke &
Tsivkin, 2001). This implies the existence of an interface between the system of verbal
numerals and the non-verbal analog representations of numerosity.
However, the question of how this interface works has not received much attention. Suppose that one is presented with a large set of dots and is asked to estimate
verbally how many dots are present. Using the analog numerosity representation
alone, one might know that the quantity is 30% larger than on the previous trials,
but how does one know that there are around 20, 40 or 80 dots? The analog code
must be calibrated before a given quantity can be named.
Previous studies on numerosity estimation indicate that spontaneous estimates are
poorly calibrated: for example, Minturn and Reese (1951) report responses diverging
from the true numerosity by a factor 4 (e.g., response 50–700 for a stimulus containing
200 dots). Even if overestimated responses can be observed in some participants, most
of the studies report a tendency to underestimate the actual value (Indow & Ida, 1977;
Krueger, 1982, 1984). The amount of underestimation increases in the course of the
experiments, but is also present from the very ﬁrst trial (Krueger, 1982). Estimates
are modulated by the non-numerical parameters of the stimuli, as more dense dot
arrays tend to be more underestimated (Hollingsworth, Simmons, Coates, & Cross,
1991), and arrays are judged to contain more dots when dots are regularly spaced
(Ginsburg, 1978). Furthermore, the estimation pattern seems to be inﬂuenced by the
range of stimuli tested. For example, Hollingsworth et al. tested a wide range of values
and found that participants overestimated the least numerous arrays (less than 130
dots), and underestimated the most numerous ones (containing up to 650 dots). Arrays
of less than 130 dots, which were overestimated in this last study, have been reported to
be underestimated elsewhere, when the range of stimuli tested was more narrow. This
possible range eﬀect illustrate the general non-linear shape of the response function,
which has been described as a power function (Indow & Ida, 1977; Krueger, 1972,
1982, 1984, 1989; but see Masin, 1983 for an alternative view).
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Besides this general tendency to underestimate, responses are also very variable,
both within and between participants, and follow a similar pattern of variability in both
cases: the larger the numerosity to be estimated, the more variable the responses. Krueger (1982) computed mean estimates of numerosity for several participants, and
reported a larger dispersion of these mean responses across participants for large numerosities than for small ones. Focusing on the variability of the responses within each
participant, Logie and Baddeley (1987) observed the same phenomenon: responses of
each participant become more variable as numerosity increases. The law describing the
variability of responses was characterized later and called property of scalar variability
(Whalen et al., 1999): the mean responses and standard deviation of the responses are
actually proportional to each other as the numerosity to be estimated varies, hence the
deviation
coeﬃcient of variation ðCV ¼ standard
Þ is constant across all numerosities. The
mean
property of scalar variability appears to be a fundamental signature of numerical estimation tasks. It has been observed not only in humans, but also in animals, such as rats,
when required to produce a certain number of presses on a lever (Gallistel & Gelman,
2000). In humans this property has been identiﬁed in various estimation contexts,
involving non-symbolic stimuli (Whalen et al., 1999) as well as symbolic stimuli: in a
price estimation task, where both encoded numbers and responses were given in symbolic format, Dehaene and Marques (2002) showed that the responses still follow the
property of scalar variability.
However, it has been noted that providing participants with some information
about the numerosities tested could reduce the amount of variability, at least between
participants, and also improved the accuracy of the responses. At the mid-course of one
of his experiments, Krueger (1984) showed to the participants an example of an array
containing 200 dots. This information considerably reduced the level of variability
between participants in subsequent blocks of trials. Lipton and Spelke (2005) designed
a simpliﬁed estimation task, where participants were systematically shown two arrays
at each trial, were told how many dots the ﬁrst one contained, and were asked to estimate the numerosity of the second array. Average responses matched perfectly the
numerosity of the second array in this task, in adults as well as in children aged 5 years
selected for their proﬁciency in counting. Even less explicit information seems suﬃcient
to increase accuracy in the estimates: for example, Whalen et al. (1999) had participants
perform an estimation task after they did a numerosity production task, where they
were explicitly told which numbers to produce. The same range of numbers were used
in the stimuli of both experiments. Responses in this task showed a limited amount of
underestimation, certainly because participants had inferred the range of numbers
from the previous experiments.
These observations suggest that it should be possible to calibrate the mapping
between the analog representations of numerosity and the verbal numerical labels,
and enhance participants’ accuracy in estimation tasks. However, this calibration
process has not been systematically investigated to date. How fast does calibration
occur? How much information is needed? Furthermore, would calibration be a global or a local process? One possibility is that the feedback given for one numerosity
would exert only a local inﬂuence, modifying the mapping only within a small interval around the reference numerosity. Alternatively, calibration could be a global
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process, in the sense that giving feedback on only one numerosity would aﬀect the
estimates for all numerosities.
Here, we use the numerosity estimation task to study the structure of the interface
between the non-verbal and verbal numerical representation systems. Participants
were asked to estimate the quantity of dots in rapidly ﬂashed arrays. In the absence
of calibration, estimates were inaccurate, although they consistently increased with
numerosity. A calibrated estimation task was then used to investigate how calibration aﬀects the estimates on a wide range of test numerosities. Before they gave
numerical estimates, participants were presented with one inducer array, which they
were told contained 30 dots, but in reality contained either 25 (overestimated inducer), 30 (exact inducer) or 39 dots (underestimated inducer). Participants were able to
calibrate their responses on this inducer trial, even after a very short learning period,
and their responses were calibrated not only for the numerosity showed as reference,
but for all the numerosities tested.
Our procedure is deeply related to the classical magnitude estimation procedure
(Stevens, 1957). The magnitude estimation procedure has been introduced to explore
internal psychophysical continua such as brightness, loudness, pain or even abstract
sensations such as anxiety. In most cases, participants are given a reference stimuli,
and told to associate this reference with a given number, e.g., 100. Sometimes, participants have to ﬁnd their reference by themselves, a situation close to our non-calibrated
estimation experiment. Then, they are presented with diﬀerent stimuli varying along
the continuum of interest, and asked to use numerical responses to rate their perception
of these stimuli with respect to the reference stimulus. Just as our procedure, the magnitude estimation method involves the deﬁnition of a numerical response scale. However, in magnitude estimation, the response units can be arbitrarily scaled, although in
our numerosity estimation task, there is an objectively true answer, and participants
are trying to approach this answer. Both numerosity estimation studies and magnitude
estimation studies typically report that the participants’ responses vary monotonically,
as a power law of the input stimulus (for a review, see Krueger, 1989).

2. Experiment 1: Non-calibrated estimation
2.1. Introduction
In order to later evaluate the eﬀects of calibration, we ﬁrst studied how participants estimated the numerosity of our stimuli in the absence of any indication of
number by the experimenter. In this ﬁrst experiment, the instructions given ensured
that participants would not be able to infer the range of numerosities presented.
2.2. Experimental methods
2.2.1. Stimuli
Dot arrays containing 1–100 dots were ﬂashed on a computer screen for a duration
of 100 ms. Stimuli were yellow on a black background. Arrays covered a visual angle of
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11.5°, with a minimal visual angle of 0.3° for each dot. To prevent observers from using
strategies based on low-level continuous variables, we generated three sets of arrays
controlling for total luminance, size of dots, density of the array and occupied area
on the screen (Fig. 1). In the ﬁrst set, the sum of the area of all the dots (total luminance
of the array) as well as occupied area on the screen were kept constant over all numerosities. Thus in this set, the size of the dots decreased with increasing numerosities, and
the density of the arrays increased with numerosity. In the second set, the size of the
dots was held constant, along with total occupied area. As a consequence total
Stimulus set 1

Stimulus set 2

Stimulus set 3

constant total occupied area
and total luminance

constant total occupied area
and dot size

constant array density and
dot size

n=9

n=30

n=100

Fig. 1. Examples of stimuli of numerosity 9, 30 and 100 belonging to the 3 stimulus sets. Stimuli were
originally yellow on a black background. Stimulus set 1: total occupied area and total luminance are
constant, thus dot size decreases with numerosity and array density increases with numerosity. Stimulus
set 2: total occupied area and dot size are constant, total luminance and array density increase with
numerosity. Stimulus set 3: array density and dot size are constant, total luminance and total occupied
area increase with numerosity. In the three sets the mean dot size and mean total luminance are equal.
Mean density is about twice larger in the 3rd set. Consequently, total occupied area is about twice smaller
in the 3rd set.
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luminance and density increased with number. Finally, in the third set, size of the dots
was constant as well as density of the array. Total luminance and total occupied area
thus increased with number. The mean total luminance and the mean size of dots were
kept constant over all sets. However, to keep the size of dots within a perceptible range,
we had to choose a diﬀerent mean density value as well as mean occupied area in the
third set than in the ﬁrst and second sets.
Once the four parameters had been determined with the above constraints, a square
grid of positions was generated from their values. To draw the array, the software chose
at random a set of n positions on the grid and added to them a random jitter to make the
grid non-obvious to the participants. Density was deﬁned as the proportion of occupied positions on this grid divided by the total number of available positions. For each
numerosity, we presented one stimulus from each set. By doing this, we were able to
detect whether participants were using a strategy relying on one of the low-level variables controlled. Indeed, if a participant used such a strategy, its responses would not
vary with numerosity in at least one of the three stimulus sets.
2.2.2. Procedure
Participants were required to estimate the numerosity of the arrays. Responses
were unrestricted, since giving a set of restricted responses would necessarily have
provided information about the magnitude of the numbers involved. Participants
were instructed to provide the number that seemed the most adequate to them, both
in terms of its magnitude, and of its level of precision. Instructions did not include
any numerical value. Participants typed their responses in Arabic format on the
numerical pad of the keyboard.
Because a high level of variability was expected across participants, we elected to
collect a high number of trials per participant. Each of them participated in ﬁve sessions of 600 trials each, distributed over 12 blocks of 50 trials. Each session lasted
approximately one hour and the ﬁve sessions were performed over ﬁve consecutive
days. During each session, each numerosity ranging from 1 to 100 was presented 6
times, with two arrays belonging to each stimulus set.
2.2.3. Participants
Five french speakers (3 males, 2 females; aged 23–26) participated in the ﬁrst
experiment for a payment. All of them were naive to the experimental conditions.
They all performed ﬁve whole sessions, but the data of two sessions of subject
ML were lost.
2.3. Results
All the participants strongly underestimated the numerosity of the arrays (Fig. 2).
However, their responses remained consistent: for all the participants, the responses
increased monotonically with numerosity over the whole range of numerosities considered (linear regressions between mean responses and numerosity for each participant: slopes ranged from 0.20 to 0.43, diﬀering signiﬁcantly from 0 for all the
participants, all ps < 0.0001). While all the participants underestimated the numeros-
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Fig. 2. Responses of the ﬁve non-calibrated participants. Horizontal axis: stimulus (n); Vertical axis:
response (R). The top row shows the distribution of the responses, using a gray color scale to represent the
logarithm of the frequency of occurrence of the response R for each stimulus n. On the second and third
lines, mean responses are presented, ﬁrst on a linear plot, and then on a log–log plot, where both
horizontal and vertical axes have been log-transformed. If the response function are power shaped as
predicted in the theory part, they should appear as a straight line on a log–log plot. On the last row, error
bars representing standard deviation of the responses are added to the log–log mean response plot. The
property of scalar variability predicts that standard deviation bars should all appear of the same length on
this graph.

ity of the stimuli, there was considerable variability between participants in the
amount of underestimation. For example, the mean stimulus numerosity leading
to the response ‘30’ was, respectively, 75.4 for subject ML, 71.7 for PQ, 60.8 for
AL, 58.6 for DC and 82.1 for BF.
In magnitude estimation experiments, the shape of the response function is generally a power function. To test whether this property extended to the present data
set, we ran regression analyses on the log-transformed data: if the response functions
were power-shaped (R = a nb), then the log-transformed response function must be a
linear function of the log-transformed numerosity (log(R) = log(a) + blog(n)). A
slope of 1 in the log–log regression analysis would indicate that the responses were
actually linear (R = an). For all the participants, the log–log regression ﬁtted the
data remarkably well (R2 = 0.93–0.97 depending on the participant), and the

Author's personal copy

1228

V. Izard, S. Dehaene / Cognition 106 (2008) 1221–1247

exponents were all signiﬁcantly smaller than 1 (ranging from 0.57 to 0.76 depending
on the participant), indicating that responses were shaped as a power function, and
were not linear.
Another well-established fact about estimation data is that responses follow the
law of scalar variability: the coeﬃcient of variation (standard error of the
responses/mean response) is constant. Two separate analyses were completed to
test for scalar variability in our data. First, for each participant, we computed
the coeﬃcients of variation (CVs) for numerosities above 25 and submitted these
to a linear regression with numerosity. The levels of ﬁt were poor (R2 = 0.01–
0.07), indicating that CVs did not tend to vary with numerosity. The slopes indicating the dependence of CVs from numerosity were all close to 0 (range 0.0004
to 0.0006; non-signiﬁcantly diﬀerent from 0 except in participants PQ (p = 0.023)
and ML (p = 0.037)). As a second more sensitive test of the strict linearity between
standard errors and mean response, we used a log–log analysis. If scalar variability
is veriﬁed, the logs of the standard error and of the mean estimates should form a
straight line with a slope of 1.0 (log(Sd_R(n)) = log(R(n)) + c). A slope diﬀerent
from 1.0 would indicate that the relation between the standard errors and the
means is a more complex power function. However, the slopes were not signiﬁcantly diﬀerent from 1.0 for 4 out of the 5 participants (slopes for these observers:
0.86–1.31, p > 0.08; for the last observer PQ the slope was 1.39, p = 0.0048;
R2 = 0.42–0.74 for the diﬀerent participants). While scalar variability in not strictly
veriﬁed in participant PQ, it still provides an adequate description of these data,
since the coeﬃcient of variation did not vary dramatically in this participant: the
slope of the linear regression was 0.0006 for this participant, which represents only
0.3% of the mean coeﬃcient of variation (0.23). We conclude that in general, the
property of scalar variability gives an adequate description of these data, even if it
is not strictly veriﬁed in one of our participants.
2.4. Discussion
We recorded non-calibrated estimates in 5 participants, over numerosities ranging from 1 to 100. For each participant, the responses displayed internal coherence,
as they were increasing with numerosities. However, the actual numerosity of the
stimuli was strongly underestimated. Participants diﬀered from each other in how
much they underestimated the stimuli. The estimates followed two classical laws of
estimation experiments. First, responses functions were power shaped, as in magnitude estimation experiments. Second, the variability of the responses followed
the law of scalar variability within 4 of our 5 participants (as numerosity increased,
standard deviation of the responses increased proportionately to the mean
response).
Is it possible to calibrate the participants, and have them produce more accurate
responses? How much information would be needed before participants calibrate
their responses? Would this calibration be a local process, having an eﬀect only
around the numerosity calibrated, or would it be global, in the sense that all the
numerosities would be calibrated as a whole? In order to address these questions,
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we designed a second experiment, where we presented participants with a reference
array before they estimated numerosities.

3. Experiment 2: Calibrated estimation
3.1. Experimental methods
3.1.1. Stimuli
Stimuli contained 9–100 dots. They were generated with the same procedure as in
Experiment 1.
3.1.2. Procedure
As in Experiment 1, participants were still required to estimate the numerosity of
dot arrays; however, as we wanted to pool data across groups of participants in this
experiment, allowed responses were restricted to a set of round numbers only, i.e.,
the numbers 1 through 10 and the decade numbers above 10. This type of numbers
corresponded to the most frequent responses produced by the participants in the ﬁrst
experiment (39% of the responses).1 Responses were collected in the same way as in
the ﬁrst experiment.
The experiment consisted of two sessions, each session containing six blocks of 46
trials. Before each block participants were presented with a reference dot array (inducer) and were told that it contained 30 dots. However, depending on the experimental
condition, the inducer actually contained either 25 dots (overestimated inducer), 30
dots (exact inducer) or 39 dots (underestimated inducer). The numerosity of the reference trial stayed the same through each experimental session. Displays of the inducers
always belonged to the third stimulus set (constant array density and dot size).
After six blocks, there was a break lasting at least 20 min, after which participants
performed a second experimental session with a diﬀerent inducer. Participants who
had seen overestimated or underestimated inducers were presented with exact inducers in this second part of the experiment. Amongst the participants who had seen
exact inducers, half were assigned to the overestimated inducer condition, and the
other half to the underestimated inducer condition. Thus, for half of the participants,
the inducer presented in the second session was larger than in the ﬁrst session, and
for the other half, the inducer was smaller in the second session than in the ﬁrst. Gender was balanced in all conditions.
1

One might wonder whether giving additional information by restricting the responses might have
contributed to calibrate the participants in the second experiment. To check for a possible eﬀect of
response instructions, we conducted an informal survey where 10 participants were presented with a single
dot array containing 58 dots, in the same conditions than in the ﬁrst experiment, except that they were
instructed to use only small numbers or decade numbers in their response (same instructions as in
Experiment 2). The participants still underestimated the array (mean estimate 42 ± 11.3). Participants of
Experiment 1 showed the same amount of underestimation for their ﬁrst estimate of a stimulus of
numerosity 55–58 (mean estimate 40.6 ± 34.5; corresponding to trials number 1–21 for the diﬀerent
participants).
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Unless explicitly speciﬁed in the results section, the analyses presented here concern only the ﬁrst experimental session. For this session, three groups are considered:
underestimated inducer, exact inducer, overestimated inducer.
3.1.3. Participants
Twenty-four french speakers (12 males, 12 females; aged 19–33) were paid for
their participation. Six participants were assigned to each of the underestimated
and overestimated conditions, and 12 participants to the exact inducer condition.
In the second experimental session, 12 participants saw an inducer larger than in
the ﬁrst session, and 12 participants saw a smaller inducer. Participants were naive
to the purpose of the experiment.
3.2. Results
3.2.1. Inﬂuence of inducers on numerosity naming
After calibration, responses still increased monotonically with numerosity (linear
regression on mean responses against numerosity: slopes ranged from 0.40 to 2.3, signiﬁcantly diﬀerent from 0 for all the participants, all ps < 0.0001; Fig. 3). Furthermore,
induced participants adapted their responses quite accurately to the inducer trial. The
mean stimulus numerosity leading to the response ‘30’ were 27.4, 31.5, and 40.1, respectively, in the overestimated, exact and underestimated inducer conditions, where the
participants were induced to associate response 30 with stimuli containing, respectively, 25, 30, and 39 dots. The diﬀerence between groups approached signiﬁcance
(F(2, 21) = 3.32; p = 0.056). All these distributions diﬀered signiﬁcantly from the
(much higher) numerosity associated with the response ‘30’ by the non-induced participants (t-test; all ps < 0.01). Although restricting allowed responses to decade numbers
only might have contributed to compensate the participants’ bias in Experiment 2, by
helping them to ﬁgure out the range of stimuli we were presenting, this eﬀect cannot
account for the diﬀerence in calibration between the groups of Experiment 2. These differences can only be imputed to the diﬀerent inducers presented.
The value of the inducer had an eﬀect on the whole scale of numerosities presented, thus allowing us to reject the hypothesis of a local calibration. We grouped
stimuli into 10 numerosity levels ([9 14], [15 24], ..., [85 94], [95 100]) and ran an
ANOVA with factors of Numerosity and Inducer. Numerosity had a signiﬁcant
eﬀect (F(9, 189) = 105.47; p < 0.0001) and interacted with inducer (F(18, 189) =
2.17; p = 0.0054). Numerical responses grew more slowly in the ‘large inducer’ condition (Fig. 3). This eﬀect was not restricted to the neighborhood of the inducer
value, but extended to the whole scale: even in the range [95 100] the responses were
signiﬁcantly smaller in the underestimated inducer group than in the overestimated
inducer group (F(1, 10) = 6.00; p = 0.03).
After the break, in the second experimental session, the participants readapted
their responses to the new value of the inducer. For this analysis, we separated the
participants in two groups, depending on whether the inducer presented in the second session was larger or smaller than the inducer of the ﬁrst session. We ran an
ANOVA with factors of session (ﬁrst or second), group, and numerosity (with 10

Author's personal copy

V. Izard, S. Dehaene / Cognition 106 (2008) 1221–1247

1231

Fig. 3. Responses of the 3 groups of induced participants (same format as Fig. 2). All groups were
presented with an inducer trial which they were told contained 30 dots. In the overestimated inducer
group, the inducer contained 25 dots; in the exact inducer group it contained 30 dots; in the
underestimated inducer group it contained 39 dots.

levels as previously). Together with an eﬀect of numerosity (F(9, 184) = 121.3;
p < 0.0001), we observed an eﬀect of the experimental session (F(1, 10) = 6.9;
p = 0.025), and an interaction between session and numerosity (F(9, 198) = 12.8;
p < 0.0001). These eﬀects indicated that numerosities were overall more underestimated in the second session, particularly in the large numerosity range (see Krueger,
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1982 for a review of similar observations in magnitude estimation experiments).
More importantly, the interaction between group and session approached signiﬁcativity (F(1, 10) = 3.7; p = 0.082), and we also observed a strong triple interaction
(F(9, 198) = 4.9; p < 0.0001). The latter two eﬀects indicate that the participants
readapted diﬀerently depending on the relative size of the ﬁrst and second inducers:
the participants for whom the second inducer was larger than the ﬁrst one decreased
their responses in the second session, particularly in the large numerosity range. On
the contrary, the participants who saw a second inducer smaller than the ﬁrst one
produced essentially equal responses in both parts. The responses in this second session are still inﬂuenced by the value of inducer presented in the ﬁrst session, as
responses did not ﬁt the inducer as precisely as in the ﬁrst session (mean numerosity
associated with the response ‘30’ by participants presented resp. with overestimated
(25), exact (30) and underestimated (39) inducer in the second session: 31.5, 33.1 and
33.7). However, the inﬂuence of the recalibration again was extended to the whole
range of numerosities, as in the ﬁrst session. Hence, restricted analyses on the interval [95 100] revealed an interaction between group and session (F(1, 22) = 5.1;
p = 0.034), as well as an eﬀect of session (F(1, 22) = 15.3; p = 0.00076).
3.2.2. Psychophysical description of the responses and inﬂuence of non-numerical
parameters
Since the calibrated estimation task corresponded to a magnitude estimation
experiment, estimates were expected to form a power function of numerosity. We
used a log–log regression analysis on the responses of each participant to test for
the shape of the response function, as in the ﬁrst experiment. The regression ﬁtted
the responses remarkably well (R2 = 0.80–0.93 depending on the participant), and
exponents of the power function, as indicated by the slopes in these regressions, ranged from 0.69 to 1.23. The mean exponent was 0.96, but departed signiﬁcantly from
1.0 in 23 of the 24 participants, thus indicating that the response functions were not
linear, but really shaped as power functions, with an exponent close to 1.0 on
average.
Second, the variability of the responses was still scalar after calibration: as predicted, the standard deviation of the responses increased with the mean response,
and the coeﬃcient of variation (standard deviation/mean response) was essentially
constant. Data were submitted to the same analyses as for the non-calibrated participants. First a linear regression was run between coeﬃcient of variation and numerosity. The slopes of these linear ﬁts were very close to zero (overestimated inducer
group: slope = 0.0008, diﬀerent from zero p = 0.049; exact inducer group:
slope = 0.0013, diﬀerent from zero p = 0.002; underestimated inducer group:
slope = 5.105, non-signiﬁcantly diﬀerent from zero). The level of ﬁt was very poor
in these regression (R2 = 0.0004–.12), indicating a weak covariation between coeﬃcients of variation and numerosity. Second, we used a log–log regression to examine
the relation between the standard deviation and the mean response. The slopes of the
regressions were close to 1 though they departed signiﬁcantly from 1 in the overestimated and exact inducer groups (overestimated inducer group: slope = 1.17,
p = 0.02; exact inducer group: slope = 1.21, p < 0.0001). In the underestimated
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group however, it was not diﬀerent from 1 and indicated strict scalar variability
(slope = 1.02, p = 0.7). We conclude that scalar variability is approximately, but
not always perfectly veriﬁed in our data set.
Finally, we veriﬁed that participants were basing their responses on the numerosity of the arrays, rather than on some non-numerical parameter, such as array density, or dot size. Our stimuli belonged to three intermixed sets with diﬀerent types of
controls. Thus, if a participant was basing his responses on a single non-numerical
parameter, his responses would be ﬂat in at least one of the three stimulus sets.
On the contrary, we observed monotonically increasing responses in all of the three
sets: for each participant, the slope of a linear regression between responses and
numerosity was signiﬁcantly higher than zero within each set (1st set: slopes, 0.4–
2.4; 2nd set: slopes, 0.4–2.0; 3rd set: slopes, 0.4–2.4; all ps < 0.0001). This result rules
out the possibility that the observers were relying on a single low-level parameter.
However, estimates produced for the stimuli belonging to the third set were smaller
than for the other sets (F(2, 46) = 9.57, p = 0.00034), probably because the average
density or total occupied area diﬀered in the third set compared to the other ones.
It is possible that participants were using a complex combination of two or more
parameters to extract numerosity (such as multiplication of density by total occupied
area). Indeed, such combinations might be one way by which the visual system
extracts approximate numerosity from visual displays (Allik & Tuulmets, 1991; Frith
& Frith, 1972).

4. Experiments: Discussion
We studied numerical estimation both with and without calibration by a reference
trial. Although non-calibrated estimates systematically underestimate the true numerosity, it is possible to calibrate estimation, and participants adapt their responses
very precisely to the indication given, even when this indication is inaccurate (e.g.,
39 dots pretended to be 30). Furthermore, the inﬂuence of the calibration is not
restricted to the neighborhood of the calibrated numerosity but extends to the whole
range of numerosities tested. Finally, as expected, the participants’ behavior follows
well-established psychophysical laws, both with and without calibration: ﬁrst, the
mean responses form a power function of numerosity, as in magnitude estimation
experiments (Krueger, 1989); second, the variability in the responses follows the
law of scalar variability, as in numerosity production tasks (Dehaene & Marques,
2002; Whalen et al., 1999).
In accordance with our results, some observations reported by Minturn and
Reese (1951) and Krueger (1984) indicated that observers modify their estimates
when they are provided feedback about their estimates, and that even a minimal
amount of feedback modiﬁes the estimates over all numerosities tested. After
recording spontaneous estimation in a ﬁrst session, Minturn and Reese recorded
a second session, where after each trial they indicated to their participants the real
value of numerosity. In this feedback condition, the amount of variability between
participants was considerably reduced. Moreover, the eﬀect of feedback was strong
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as it was still present 8 months after the initial testing. As only a restricted number
of diﬀerent numerosities were presented as stimuli, one could argue that the task
participants performed was not an estimation task anymore in this second part:
rather, participants might have been identifying a numerosity amongst diﬀerent
possibilities. However, the authors noted that the modiﬁcation of the responses
could be seen in the very ﬁrst block, and even on the very ﬁrst trials: whenever they
had been provided information on a given numerosity, participants transferred this
information to other numerosities. Later, Krueger reported a similar observation.
Between two blocks of a numerosity estimation experiment, he presented a dot
array to the participants and informed them that this array contained 200 dots.
This isolated reference reduced considerably the variability of the responses across
participants, over the whole range of numerosities tested. Our calibrated estimation
experiment establishes in a more systematic way the ﬁnding that reference trials
have a impact on subsequent estimates. Furthermore, by presenting diﬀerent inducer conditions, we also show that the calibration is very precise: the responses of
the participants diﬀer between our groups, and ﬁt our diﬀerent inducers with a
high degree of precision.
Although calibration is immediate, long lasting, and global in adults, studies using
some kind of calibration have obtained mixed results when applied to children. Lipton and Spelke (2005) have shown that children aged 5 years can use repeated indications over multiple numerosities to produce accurate estimates of arrays
containing up to 100 dots, provided that they can count up to this number. However,
Booth and Siegler (2006) observed that giving a single indication of 1000 dots to children aged 8 and 10 years was not suﬃcient to fully calibrate their estimations:
although the children’s response increased linearly with numerosity, a possible eﬀect
of the calibration procedure, they only produced 500 dots on average when asked for
an array of 1000 dots. Possibly, this failure can be explained by the high range of
stimuli used. The acquisition of a mapping between the verbal symbols and the internal representation of magnitudes may occur gradually in children, and slowly extend
to a wider range of numbers as familiarity with these numbers increases (see Le
Corre & Carey, 2007 for a failure in the estimation of small numbers by younger
children).
What is the mechanism underlying calibration in adults? It is possible that calibration is a strategic process, by which participants consciously modify their numerical
responses, for instance by performing an approximate mental multiplication on
them. It is also possible that calibration results from an automatic learning process,
occurring unintentionally. More likely, calibration results from a mixture of controlled and automatic eﬀects. After the end of experiment, participants were asked
informally about their impressions; they reported that they consciously corrected
their responses to match the inducer, but when we told them that non-calibrated participants had estimated the maximum numerosity at 50 instead of 100, they did not
admit that their spontaneous responses would have been that inaccurate. Orthogonally to the question of the automaticity of calibration, one can also wonder at which
processing stage the calibration occurs: in the encoding of numerosities itself, in the
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process of response selection, or both. These questions will be addressed in the following section, using a theoretical model of the estimation task.

5. Theory
5.1. General description of the model
In what follows, we specify a theoretical model of the numerical estimation task,
where an observer is instructed to estimate the numerosity of stimuli. Then, we validate this model by comparing its predictions to empirical data. In a third step, we
use the model to characterize the calibration process in more details, and separate
eﬀects originating from numerosity encoding (sensitivity), or response selection
(bias).
Our model is inspired by the Thurstonian framework (Thurstone, 1927) and by
the signal detection theory (Wickens, 2002). The Thurstonian framework, originally
developed to describe the perception of continuous variables such as weight, brightness, or loudness, has been applied to numerosities by van Oeﬀelen and Vos (1982),
who proved its eﬃciency in predicting performances in a numerosity identiﬁcation
task, where participants had to identify the numerosity of dot arrays amongst two
possibilities. Since then, this model has been applied successfully to several tasks,
all requiring binary judgments: comparison of numerosity, matching to sample
(Piazza et al., 2004), addition and subtraction of numerosities (Barth et al., 2006;
Pica et al., 2004). Here, we extend this model to the numerical estimation task, which
requires participants to give a numerical response.
Our model is based on ﬁve hypotheses. First, we assume that each perceived numerosity is encoded on an internal continuum, called the number line (hypothesis 1).
Second, following Fechner’s law, we assume that the number line is compressive
and logarithmically scaled2 (hypothesis 2). Hence, when a numerosity n is perceived,
it generates an activation on the number line, situated on average on the point log(n).
Third, the distribution of activation around log(n) is assumed to be gaussian, as proposed by Thurstone, with a constant width w (hypothesis 3). This parameter, called
the internal Weber fraction, measures the overall level of noise inherent to the representations of numerosities. As an illustration, if w = 0.20, then it means that the activation evoked by a numerosity n will fall in the interval [log(n  20%), log(n + 20%)]
with a probability of 0.7. Hence, for numerosity 10, the activation would fall in the
interval [log(8), log(12)] in 70% of the trials. Two diﬀerent evaluations of the value of
the internal Weber fraction have been reported so far: the ﬁrst one at 0.11 (van Oeﬀelen & Vos, 1982), the second one at 0.17 (Piazza et al., 2004).
2
The fact that the internal scale is logarithmic rather than linear is debated (Brannon, Wusthoﬀ,
Gallistel, & Gibbon, 2001; Dehaene, 2003; Dehaene & Marques, 2002). Here, we do not attempt to prove
that the scale is logarithmic, however, we show that based on the logarithmic scale hypothesis, it is possible
to build a model accounting for several aspects of the data. Nevertheless, using the shape of the mean
response functions in estimation tasks, we have developed elsewhere an argument favoring the hypothesis
of a logarithmic scale over a linear scale (Izard, 2006).
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Fig. 4. General presentation of the model. Numerosities are ﬁrst encoded on an internal continuum, the
mental number line. Activations on the number line are then translated into verbal number words, by
means of a response grid: the number line is divided in segments, each corresponding to a diﬀerent verbal
label. The theory section developed here precises the shape of the response grid. The bottom panel
represents the distribution of responses emanating from a gaussian distribution of activations on the
number line. Bar areas are proportional to the frequency of the responses, and bar widths respect the
shape of the response grid. In these conditions, the curve formed by the bars (highlighted in black) follow
the initial gaussian activation curve (in light gray).

To these three classical hypotheses, we have added two new ones describing how
the analog representation on the number line is then transformed into a verbal
numerical response. We ﬁrst postulate that a list of criteria are set on the number
line, deﬁning a response grid (Fig. 4, hypothesis 4): the number line is divided in
several segments, each of them associated with a diﬀerent verbal label (Dehaene &
Mehler, 1992). Finally, the grid can be stretched or compressed, and this corresponds
to calibration (hypothesis 5). When no indication is given, non-calibrated estimations are generated using an idiosyncratic spontaneous response grid. In the second
experiment where participants are calibrated, they transform this spontaneous
response grid into a calibrated response grid to ﬁt the indication given.
As our model has been inspired by the Signal Detection theory, correspondences
can be drawn between the parameters in these two frameworks. First, our Internal
Weber Fraction (parameter w) measures the precision of the internal representation,
and is analogous to the sensitivity (d 0 ) in Signal Detection Theory. Although analogous, these parameters capture the sensitivity in two diﬀerent ways: in the Signal
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Detection Theory, the dispersion of internal representation on the internal continuum is supposed to be constant, but the distance between the two distributions
(d 0 ) varies and determines the level of sensitivity. In our case, the distances between
the distributions are ﬁxed since distributions are centered on the log(n)s, but the
amount of dispersion varies. Second, response bias are captured in our model by
the position of the response criteria which deﬁne the response grid.
In the following theory part, our aim is to give a quantitative description of the
response grid, both in the non-calibrated and in the calibrated estimation cases, and
to compare the predictions of the model to several aspects of the empirical data. In
our model, the response grid is not optimally adapted to the internal logarithmic scale
(explaining the inaccuracy of non-calibrated estimates), but still partially adapted: the
shape of the response grid is constrained. Our mathematical theory speciﬁes the constraints deﬁning the shape of the response grid. Then, once we have determined the
shape of the response grid, we can derive the predictions of the model, and verify 1. that
the predictions follow the property of scalar variability, a well-established fact about
estimation data, and 2. that the response functions (mean response associated to each
numerosity) are predicted to be power functions, as observed in magnitude estimation
experiments. After checking for the validity of the model, we then use the distribution
of responses to reconstruct the distribution of activations (or activation curve) on the
number line, and justify a posteriori the choice of a gaussian distribution (hypothesis
3). Finally, we derive the quantitative value of the parameters of the model for the different groups of participants in Experiment 2 to test which parameters are responsible
for calibration (sensitivity vs. bias parameters).
5.2. Shape of the response grid
We will specify the shape of the spontaneous response grid in two steps: ﬁrst, we
deﬁne a canonical response grid, corresponding to an optimal behavior, where a participant responds always with the closest number; and then we specify the response
grids actually used by participants in relation to this canonical response grid.
In our theory, participants engaged in an estimation task represent numerosity as an
activation on the internal number line; and they have to decide their verbal response on
the basis of this activation only. An optimal strategy would consist in giving the number which is the closest to the activation point: hence, if the activation fell close to
log(30), the response given would be ‘30’. This strategy deﬁnes a canonical response
grid, where criteria are situated on the midpoints between the logs of the possible
responses (see Fig. 5a). In the case of our task, where participants are required to
respond with decade numbers only, the interval associated to the response ‘R’ is
delimited by the criteria c ðRÞ ¼ 12 ðlogðRÞ þ logðR  10ÞÞ and cþ ðRÞ ¼ 12 ðlogðRÞþ
logðR þ 10ÞÞ (see Table 1 for the list of abbreviations used in the text).
If participants were using this canonical response grid, they would be quite accurate
in their responses, but our empirical data show that estimations are indeed inaccurate
in the absence of calibration. We propose that, instead of the canonical response grid,
participants were using idiosyncratic aﬃne transformed versions of it. Namely, the
spontaneous response grid can be derived from the canonical response grid by applying
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Fig. 5. Response grids. (a) In the canonical response grid, the criteria lay at the midpoint between the
log(n)s. (b) The spontaneous and calibrated response grids are related to the canonical response grid is an
aﬃne transformation: the canonical response grid is either stretched or compressed (parameter a), and
shifted (parameter b).

Table 1
List of abbreviations used in the text
c(R), c+(R)

Left and right criteria delineating the segment of the mental number line associated
to the verbal response ‘R’ for the canonical response grid

a, b

Parameters of the aﬃne transformation applied to the canonical response grid.
a: stretch, b: shift

as, bs

Parameters deﬁning the spontaneous response grid

Ra,b(n)

Mean estimate produced for stimuli of numerosity n, when the response grid used is the
image of the canonical response grid by an aﬃne transformation of parameters a, b

two successive transformations: the canonical response grid is either stretched or compressed by a ﬁrst parameter as, then it is shifted from the origin by a second parameter bs
(see Fig. 5b). Thus, the interval associated to the response ‘n’ is no longer [c(n), c+(n)]
but [asc(n) + bs, asc+(n) + bs]. In other words, the participant inaccurately determines
the amount of activation corresponding to the zero level (which he sets to bs), and the
value of one unit on the number line (set to as). Furthermore, the values of the parameters as and bs vary across individuals, in line with our experimental results that spontaneous estimates are highly variable between participants.
In Experiment 2, participants were shown an inducer trial before they started to
produce estimates: an array was presented, and they were told that its numerosity

Author's personal copy

V. Izard, S. Dehaene / Cognition 106 (2008) 1221–1247

1239

should be associated with the response ‘30’. Experimental results show that in this
case, participants calibrate their responses to the inducer, and that all the numerosities are calibrated globally. To capture the idea of a global calibration, we postulate
that participants transform their spontaneous response grid, again by an aﬃne transformation, in order to bring their response grid in accordance with the indication
given. As the spontaneous response grid is an aﬃne transformed version of the canonical response grid, the calibrated response grid is itself an aﬃne transformed version
of the canonical response grid, with diﬀerent values of parameters a and b. For example,
if during the induction period, a stimulus of numerosity n0 is linked to response R0, the
participant will set the parameters a and b so that ac(R0) + b < log(n0) < ac+(R0) + b.
The parameters a and b therefore determine which response grid has been used, and
they measure possible response bias in the participants.
Once the response grid has been deﬁned, we can derive the predictions of the
model. The probability to observe the response R following a stimulus of numerosity
n is obtained by taking the integral of the activation curve for numerosity n (a gaussian centered on log(n) and of width w) on the segment of the number line associated
with the response R:
Z acþ ðRÞþb
P ðRjnÞ ¼
GaussðlogðnÞ; wÞ
ð1Þ
ac ðRÞþb

Fig. 6 illustrate the predictions of the model for three diﬀerent conditions on the
parameter a: canonical response grid (a = 1), stretched grid (a > 1) and compressed
grid (a < 1).
5.3. Tests of the model
5.3.1. Property of scalar variability
As the property of scalar variability is a very general aspect of estimation data,
models of estimation cannot be acceptable if their predictions do not follow this
property. Thus, as a ﬁrst step to the experimental validation of our model, we have
demonstrated that it predicts scalar variability in the responses (see Supplementary
Data section). This prediction is tightly related to our assumptions concerning the
shape of the response grid: the scalar variability holds in the predictions only because
the shape of the criteria stays always logarithmic, i.e., similar to the shape of the
internal scale, even when the response grid is distorted by an aﬃne transformation.
5.3.2. Shape of the response function
As a second requirement for a model of estimation, the model should predict that
the mean response function is a power function. In magnitude estimation experiments, response functions have been repeatedly observed to be power shaped, an
observation replicated on our data set.
At this point, it is important to emphasize that the shape of the response function
Ra,b(n) in our model does not necessarily coincide with the internal scale log(n). For
example, if the canonical response grid is used (a = 1, b = 0), the responses are
almost accurate (R1,0(n)  n). However, if the response grid used is not the canonical
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Fig. 6. Predicted response matrices. Horizontal axis: stimulus numerosity (n); Vertical axis: verbal
response (R). Shades of gray indicate the probability of the response R for the stimulus n. Plain lines give
the mean responses, and dotted lines indicate the correct value of the stimulus numerosity (diagonal
R = n). Three cases are presented, corresponding to diﬀerent values of the parameters of the aﬃne
transformation applied to the canonical response grid. Compressed response grid: a < 1; Canonical
response grid: a = 1; Stretched response grid: a > 1.

response grid, the shape of Ra,b(n) can be derived and it takes the general form of a
power function (see Supplementary Data section), with exponent 1a and coeﬃcient
w2
b
expð2a
2  aÞ. Again, this prediction originates from the logarithmic shape of the
response grid, and from the fact that the response grid is not perfectly matched to
the internal scale, but has undergone an aﬃne transformation.
5.3.3. Activation curves
As illustrated in Fig. 4, the distribution of the responses, once brought onto the
response grid, i.e., onto a logarithmic scale, is a good estimate of the distribution
of activations on the number line. In our model, we postulate that the activations
follow a gaussian distribution on a logarithmic scale (see Section 5.1, hypothesis
3). In this part, we release this hypothesis and challenge it by computing an estimate
for the activation curve, and comparing this estimate to a gaussian ﬁt. We also
calculate the standard deviation of the estimated activation curve to obtain an
estimation of the internal Weber fraction w, which represents the global amount
of noise in numerosity representations.
In this section, we detail the procedure used to estimate a grand average activation
curve, across all participants and all numerosities. We ﬁrst evaluated separately the
distributions of activations for each participant and each stimulus numerosity. To do
so, distributions of responses for each participant and each numerosity (larger than
20) were placed on the response grid (i.e., on a logarithmic scale), as illustrated in
Fig. 4. These distributions were then recentered and averaged across numerosities,
for each participant. Furthermore, before comparing the activation curves between
participants, we had to correct for the stretching/compression imposed to the canonical response grid. To obtain the value of the parameter a, giving the amount of dis-
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tortion, we used the exponent of the mean response function of each participant, as
our theory predicted this exponent to be equal to 1a. Once corrected, the estimated
activation curve of each participant was ﬁtted with a gaussian distribution, and we
extracted the width of these gaussian ﬁts to obtain individual values of the internal
Weber fraction w. Finally, the estimated activation curves were averaged across participants, and the grand average curve was again ﬁtted with a gaussian distribution.
As can be seen in Fig. 7, the grand average curve obtained with this procedure was
very close to a Gaussian.
Depending on the participant, the gaussian ﬁt performed on the estimated activation curve explained 84–99% of the variance, and the estimated Weber fraction ranged from 0.15 to 0.41. On the average activation curve, the ﬁt explained 99% of the
variance, and the overall internal Weber fraction was estimated at 0.22 (Fig. 7A). We
calculated the Z-scores associated with the part of the number line corresponding to
90% of the distribution. Plotted against the number line, the Z-scores formed a
straight line going through the origin (Fig. 7b, slope = 4.53 = 1/0.23, R2 = 0.999),
indicating that the internal activation distribution is extremely close to a gaussian
function.
5.4. Mechanism underlying calibration
In the preceding sections, we have given a general theory describing the estimation
task in the calibrated condition as well as in the non-calibrated condition. One might

Fig. 7. Reconstruction of the activations on the number line. (a) Distribution of activations on the number
line, averaged across all participants, and compared with its gaussian ﬁt. The standard deviation of the
best-ﬁtting Gaussian curve (R2 = 0.99) corresponds to the estimated internal Weber fraction: w = 0.22. (b)
Z score of the distribution in (a), for the interval of the internal number line encompassing 90% of the
data.
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have argued that calibrated and non-calibrated estimation rely on fundamentally different mechanisms. By giving a uniﬁed description of these two situations, we here
show that this hypothesis is not necessary.
We now use our model to precise the mechanisms underlying calibration. Does calibration occur at the stage of response encoding (sensitivity), or at the stage of response
selection (response bias)? In our model, sensitivity was measured by the internal Weber
fraction (w), which gives the amount of noise in the representations of numerosity.
Response bias are captured by the parameters of the aﬃne transformation imposed
on the response grid (a and b). The value of these parameters was estimated for each
participant and each of the two experimental sessions, and we examined whether these
parameters varied in a systematic way between groups of participants.
In the preceding section, we described how w was extracted for each participant.
To estimate the parameters a and b, we reversed the formulas giving the slope and
intercept of the log–log regression from a, b, and w (see Section 5.3.2). Parameter
1
a is equal to the inverse of the slope ðslope
Þ. Parameter b corresponds to the following
interc
w2
formula:  slope þ slope  2 .
Estimated parameters for the ﬁrst session were ﬁrst submitted to an analysis of
variance to test for a possible eﬀect of the value of the inducer (overestimated, exact,
or underestimated). For all three parameters, no signiﬁcant diﬀerence between
groups was observed (all ps > 0.16). As a more sensitive test, we tested how these
parameters evolved as participants recalibrated their responses between the two
experimental sessions. For each participant, parameters w, a and b were evaluated
separately for the two experimental sessions, and then these estimated parameters
were each submitted to an analysis of variance with factors group (indicating
whether the value of inducer presented in the second session was larger or smaller
than in the ﬁrst session), and session (ﬁrst or second). The sensitivity (internal Weber
fraction w) stayed constant across sessions, independently of the relative value of the
two inducers (all ps > 0.14). Not only did the w stay constant on average, but also
within each participant, as indicated by a high level of correlation across participants
between the two sessions (R2 = 0.61, p = 0.002; see Fig. 8, left panel). On the contrary, response bias changed over the course of the experiment, since both a and b
presented an eﬀect of the session (F(1, 20) = 29 and 23, respectively, ps < 0.001).
The response grid tended to be more and more stretched over the course of the
experiment, as indicated by an increase of parameter a (ﬁrst session: 1.07; second session: 1.18). This evolution was independent from the calibration process, since both
groups presented the same increase on a (no interaction between group and session,
F < 1; see Fig. 8, middle panel). This progressive stretching of the response grid
could be related to the natural tendency of participants to contract their response
range over the course of the experiment. Parallelly, the translation parameter b
(shift) tended to decrease over the course of the experiment (ﬁrst session: 0.23, second session: 0.58), to compensate for the increase in stretching. Contrary to the
stretch parameter, this evolution was modulated by the calibration indications,
and the interaction between group and session for b approached signiﬁcance
(F(1, 20) = 4.3, p = 0.051; see Fig. 8, right panel). According to these analyses, calibration does not modify the sensitivity of the participants, but occurs at the level of
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Fig. 8. Evolution of the internal Weber fraction (w, left panel), and the two parameters of the aﬃne
transformation applied to the response grid (stretch on the middle panel and shift on the right panel)
between the two experimental sessions in Experiment 2. X-axes represent the value of these parameters for
the ﬁrst session, and Y-axes the values for the second session. Doted lines indicate the equality diagonal
(ﬁrst session = second session). Each dot represents one participant: participants presented with a larger
inducer in the second session are marked as ﬁlled squares, and participants presented with a smaller
inducer in the second session are marked as unﬁlled triangles. Values indicated on the axes correspond to
the means for the ﬁrst and second sessions. The graphs illustrate how each subject possesses an
idiosyncratic value of parameters w, a and b, which is reproducible across the two sessions, and also
demonstrate that only the parameters a and b are aﬀected by calibration.

response selection, by changing the response bias. Finally, even if all participants
tend to modify a and b in the same way, assigning a value to these parameters
remains largely idiosyncratic, as indicated by the absence of eﬀect between groups
in the ﬁrst session, and by a high level of correlation between the values of a and
b for the two sessions across participants (a: R2 = 0.92, p < 0.0001; b: R2 = 0.89,
p < 0.0001).
5.5. Theory: discussion
The model of the number line has previously proved its eﬃciency in various
numerical tasks involving two alternatives forced choice responses: comparison,
same/diﬀerent judgment (Piazza et al., 2004), identiﬁcation of a numerosity amongst
two diﬀerent possibilities (van Oeﬀelen & Vos, 1982), mental addition and subtraction of numerosities (Barth et al., 2006; Pica et al., 2004; see Dehaene, 2007 for a
review and theoretical outlook). Here, we extended the model to another situation:
a numerosity estimation task, where response alternatives are a priori inﬁnite. Our
model relies on three classical hypotheses: (1) numerosities are encoded on a number
line; (2) the scale of this internal number line is logarithmic; (3) for a given numerosity, the dispersion of activations on the number line follows a gaussian distribution. Furthermore, two new hypotheses have been added to account for the need
to give numerical responses in estimation tasks: (4) number words are associated
to segments of the number line, thus deﬁning a response grid; (5) responses can be
calibrated by applying a transformation to this response grid. More precisely, when
the response grid needs to be calibrated, the participant applies an aﬃne transforma-
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tion to its spontaneous response grid. Because it is a global transformation applied
to the whole response grid, the idea of an aﬃne transformation captures our experimental result that all numerosities are calibrated at once.
The model is a good predictor of several aspects of the data: ﬁrst, the shape of the
mean response function (predicted to be a power function), and second, the dispersion of the responses around the mean, which follows scalar variability. Moreover,
we were able to reconstruct the distribution of activations on the number line from
the responses to our numerosity estimation task, and prove that the activation curves
are gaussian, as it is postulated in the model (hypothesis 3).
5.5.1. On the process of calibration
The model incorporates several parameters which could serve to underly the calibration process. On one hand, the internal Weber fraction measures the sensitivity
of the participants. On the other hand, the process of calibration is modeled by an
aﬃne transformation applied to the response grid. All these parameters are idiosyncratic and vary between participants. Nevertheless, when the participants are presented with a new value of inducer and need to recalibrate their responses, the
intrinsic variability of the internal continuum (sensitivity) remains constant, while
the stimulus-response mapping is shifted dynamically to ﬁt the new inducer value.
5.5.2. Precision of the representation of numerosity
The internal Weber fraction w, a measure of the amount of dispersion of the activations on the number line, was estimated to be 0.22 from our data. This value is slightly
higher than previous estimations (Piazza et al., 2004; van Oeﬀelen & Vos, 1982). However, note that in our design, contrary to previous estimations of the Weber’s fraction,
the participants did not receive any feedback. Receiving feedback may help participants identify the inﬂuence of low-level continuous parameters biasing their estimation. Secondly, in previous attempts to evaluate the internal Weber fraction, the
authors did not always control for non-numerical confounds, and the participants
may have used these confounds to improve their performance. The ﬁrst estimation
of the internal Weber fraction was reported by van Oeﬀelen and Vos (1982) at 0.11.
Actually, in their experiment, several non-numerical parameters such as total luminance and density of the pattern were confounded with numerosity. These parameters
are known to be very inﬂuential in estimation of dots arrays (Allik & Tuulmets, 1991;
Frith & Frith, 1972), and this might explain why they found a value smaller than ours.
More recently, Piazza et al. (2004) controlled for non-numerical variables and found an
internal Weber fraction of 0.17. The diﬀerence with our 0.22 estimation may result
from the fact that feedback was given on each trial in their experiments.

6. Conclusion
We close by noting that one goal of psychology is to establish precise laws of
behavior. The present numerosity estimation task provides highly regular data following predictable quantitative laws. We have developed a comprehensive theory
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of the estimation task, modeling the mapping between numerical symbols and quantities, and capturing the regularities observed in the data at several levels. The present theory and experimental results provide important tools which, in the future,
could be used to explore the interface between verbal and non-verbal numerical cognition, for instance in brain lesioned dyscalculic patients or in young children.
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